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Abstract. In this paper, we give an upper bound of the hfespan of solutions 
of the semihnear damped wave equation Ou + ut = with 1 <p< 1 + 2/n. 



1. Introduction 
We consider the semilinear damped wave equation 
(1.1) Uu-^u + Ut = \u\P, (t, x) e [0, oo) X R" 

with initial data 

{u,ut)iO,x) = e{uo,ui){x), X G R", 

where u is real-valued unknown function, 1 < p < 1 + 2/n, (uo,Ui) € i/^(R") x 
L^(R") and e is a positive small parameter. It is well known that there is a unique 
solution u G C([0,r);i/i(R")) nCi([0,T);L2(Rn)) to ([TD) with some T > (see 
for example, [S]). Our aim is to obtain an upper bound of the lifespan of solutions 
to (fLTj) . 

There are many results for p.ip about global existence and blow-up of solutions 
(see [g El E US [m dSl [m ED] and the references therein). We mention that 
Todorova and Yordanov [20] and Zhang ^22' proved that the critical exponent of 
(jl.ip is given by 

2 

PF = 1 + -, 

n 

which is so called the Fujita exponent (see [3]). Here "critical" means that if 
Pc < p, all small data solutions of (|l.ip are global; ii I < p < Pc, the time- local 
solution cannot be extended time-globally for some data regardless of smallness. 
For the proof of the blowp-up results, Todorova and Yordanov (30] used a method 
of differential inequalities and Zhang [22] used a method of test functions. Their 
methods are based on a contradiction argument and hence, we cannot apply directly 
them to obtain estimates of the lifespan. 

When n = 1,2, Li and Zhou [T^ obtained an upper bound of the lifespan of 
solutions to (|l.ip . They proved that 

exp(a£-2/n)^ if p== 1 + 2/n, 
fee^i/", ifl<p< 1 + 2/n, 



(1.2) T, < 



where a,b > and k = l/(p — 1) — n/2 for the data uq,ui E C5"(R") satisfying 
J{uQ + ui)dx > 0. Nishihara [16 extended this result to ?i = 3 by using the explicit 
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formula of the solution to the linear part of He proved that the solution u of 

the linear part of with initial data (0, ui) can be written by 

u{t,x) = e"*/^M^(t)'Ui + Jo(t)ui, 

where W{t)ui is the solution of the free wave equation Du — with initial data 
Ul, and Jo{t)ui behaves like a solution of the heat equation ut — Au — 0. However, 
their method does not work in the case n > 4, because in this case the fundamental 
solution of the free wave equation does not have positivity. Recently, Nishihara [17] 
obtained the following upper bound: 



as if 1 < j3 < 1 + 1/n, 

e*"^"'^", ifp=l + l/?i 



for all n > 1, wehre K=l/(p— 1) — n, a, 6>0 and (uq, u\) satisfies 



Ui{x)dx > (z = 0, 1) / (uo + ui){x)dx > 0. 

R" JR" 

However, his result seems to be not optimal and there are no results for ?i > 4 and 
1 + 1/n < p < 1 + 2/n. In this paper we extend these results to all n > 1 and all 
1 < p < 1 + 2/n. 

Our method is based on the results of Kuiper [TT] (see also [H], [7j). We refine 
his methods to fit our problem. To state our results, we prepare some notation and 
assumptions. 

We define the lifespan of the local solution of by 

Tg :— sup{ T G (0, oo]; there exists a unique solution u to (jl.ip 

such that u e C([0,r);i7i(R")) nCi([0,T);L2(R")}. 

We assume that 



(1.3) uo + MieL^(R") and / (uq + ui){x)dx > 0. 

Our main result is the following: 

Theorem 1.1. Let 1 < p < I + 2/n and let (uo,ui) G i/^(R") x L2(R") satisfy 
(|1.3p . Then there exist Sq and C — C{p) > such that 

Te < Cs-^^" 

for any s G (0, Sq], where k = l/(p — 1) — n/2. 

Remark 1.1. There are also many results about blow-up of solutions to semilinear 
wave equation with variable coefficients {see pi IIOI [T^ l^lQ - Their proof is based 
on a test function method of Zhang '22], which uses a contradiction argument and 
is inapplicable to estimate the lifespan. Nishihara [17] obtained an upper bound 
of the lifespan in time- dependent damping cases. However, his result seems to be 
not optimal from the view point of the diffusion phenomenon. Our methods is 
available to damping terms with variable coefficients. This will be discussed on our 
forthcoming paper. 
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2. Proof of Theorem 1.1 

We first describe the existence of the local solution. For the proof, we refer the 
reader to [5], for example. 

Proposition 2.1. Let 1 < p < n/{n — 2) (n > 3), 1 < p < oo (n = 1, 2), e > and 
(uo,Mi) G i7^(R") X i^(R"). Then > 0, that is, there exists a unique solution 
u e C{[0,T,); H^iW')) nC\[0,T^); L^(Ti")) to Moreover, ifT^ < +oo, then 

it follows that 

lim ||(u,ut)(t, Ollz/ixL^ = +00. 

By the result of [20l [22], it has already known that < oo. We give a lower 
bound of the lifespan. 

Lemma 2.2. There exist Sq and Co > such that 
(2.1) T, > Coe-i/" 

for any e £ (0, Eq], where k = {p + 1)/ {p — 1) — n/2. 
Proof. Let 

m) = \l («? + \yu\^)dx. 

It is easy to see that 

^E{t) < ^—4- / \u\Pudx. 
dt ^ ' - p+ldt J^J ' 

Hence, we have 

E{t) < E{0) - J \uofuodx + J \ufudx. 

Applying the Gagliardo-Nirenberg inequality, we obtain 

E{t) < C,e' + C||Vi.(i)||^i''+^)h(t)||i\-')(^+^\ 
where = n{p - l)/(2(p + 1)). Noting that 

u{t) = EUq + / Ut{T)dT, 

Jo 

we have 

\\u{t)\\L2 < e\\uo\\L2 +t sup ||ut(r)||i2. 

0<T<t 

Thus, one can obtain 

(i-e)(p+i) 

E{t)<C,e' + C\\Wu{t)f(''+'Ue\\uo\\+t sup \\ut{T) 

\ 0<T<t 

/ \ S(p+l)/2 / X (p+l)/2 

< Cie^ + Ce^i-^HP+^M sup E{t)] + Ct^^-<'^^P+') ( sup E{t) 

\0<T<t J \0<T<t 

Let T be the first time such that E{T) = SCie^. Then E{t) < SCie^ holds for any 
< T < T. Therefore, we obtain 

3Ci£2 < Cie' + C£(i-^)(f+i)(3Cie2)»(p+i)/2 + cT^i-o)iP+i)^:iCie^)iP+i)/2 
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provided that e is sufficiently small. Finally, we have 
This implies 

Cq£-(p-i)/((i-9)(p+i)) <t <Ts 
with some constant Cq. □ 

We introduce a nonnegative smooth function such that 

= 0(|x|), 0(0) = 1, < < f for a; e R", / (l){x)dx = 1, 

and (t>{x) — sufficiently fast as |a;| — > oo. Moreover, there exists fi > such that 
(2.2) |A(/i(a;)| < ^0(a;), x G R" 

Such a function is constructed in [1] |4]. This can be done by letting 0(r) = Ce~^ 
with for large r. Let be a positive large parameter and let ry be 



v{t) = 



0, iit> T, 

{1-t/Tf, ifo<t<r. 



where T > 0. We put riB.{t) = rj{t/R'^), (t>B.{x) = (t){x/R) and ipR{t, x) = 'qR{t)(j)R{x) 
with a positive parameter i?. 

With the test function above, we introduce the following functionals: 

Ir{T) := / \uY'^Rdxdt, 



Jr ■= £ (uq + ui)(t)Rdx 
A{T):=(f \dtvit)\'iv{ty'/'^P~''>'Pix)dxdt] . 

\J[0,T)xR" J 

ri{t)(f>{x)dxdt , 



i?(r) M [ / 

\"'[0,T)xR" 



C{T):^(f \dMtWv{t)-'^^''-'U{x)dxdt] , 

yj[o,T)xR" y 

where q — p/{p — 1) and Ti?^ < T^. A simple calculation shows 
A{T) = e{e - l/(p - l)}-i/9r-i/p ^ apT-^/p, 



T 



1/9 



C(T) = 61(6' - 1){0 - (p + 1) l{p - l)}-i/9 j^-i/p-i = CpT-^/P-^ 

We take 9 sufficiently large so that ap,bp,Cp > 0. Multiplying the equation (jl.ip 
by ipRitjx) and integrating over [0,Ti?^) x R", we have 

IniT) + Jr= [ u{d1^R - AV'fl, - dti>R)dxdt = Kl+Kl + Kl 

J[0,T_R2)xR" 
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This calculation can be justified by noting the construction of the local solution in 
[5. By using the Holder inequality, it follows that 

K}^ <R'^ I \u\\d^'n{t/R'^)\(j)R{x)dxdt 

< R-HR{Tf/p { [ \dh{tlR^)Vm{t)-"^^^^'^M^)dxdt\ 

\J[0,Ti?2)xR" J 

= R'-^lR{Tf'PC{T), 
where s = —2 + {n + 2)/q. In the same way, we have 

< R'lRiTf'PBiT), 

< R'Ir{TY'^A{T). 

Therefore, putting 

D{T, R) A{T) + B{T) + R-^C{T), 

we obtain 

Jr < R'D{T, R)lRiTy/P - Ir{T). 

Noting that 

max(cra;" - a;) = (1 - 

a:>0 

for (7 > and < w < 1, we have 

(2.3) jR<CiR"'D{T,Ry 

with some constant Ci , which depends only on p. 

On the other hand, by the assumption on the data and the Lebesgue convergence 
theorem, there exists Co > and Rq > such that 



Jr^ e (uo + ui){x)(l)R{x)dx > Cqe 



for any R > Rq. Let 



To := max ( 1, ^ ^ ^ R^ 



By Lemma 2.2, we may assume Tg > tq. 

Let T G {to,Ts). From this and (1^ with T = tR^^, we obtain 

e < C2{R'D{TR-^,R)y, 

for any t G (tq, Te) and R> Ro, where C2 ~ Cq^Ci. Let 

D{t, R) := {ap + Cp)T-^/PR^/P + bpT^/'^ R-^/'^ . 

Then we have D{tR-'^,R) < D{t,R), since r > 1. We define 

H{t,R) := {R'D{t,R)Y = r-i/(P-i){(ap + Cp)i?"/« + 6pri?-2+"/9}9. 

Then one has 

(2.4) e<C2H{T,R) 

for any r £ {Lo,T^) and R> Rq. We solve the identity 

(ap + Cp)R''''' = hpR-^+'^'H, 
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and put 



Rr := ( 



Since r e {to,T^), we have Rr > Ro- Substituting R ^ R^. into p. 41) . we obtain 

e < C2H{T,Rr) = C3r-(i/(f-i'-"/2), 
where C3 is a constant depending only on p and the data (uo, ui). Finally, we have 

holds for any r £ (tojTe). This completes the proof. 
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